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Abstract

entire verification technique. The main notion of this
approach proposed in [9] is that of a kernel function
defined as a symmetric two-argument function
possessing the property to form positive semidefinite
matrix for any finite collection of entities [10].
Any kernel function defined in the set of signatures
embeds it into some hypothetical linear space in which it
plays the role of inner product [11]. This property of the
kernel function allows for reformulating practically any
of existing methods of signature verification in kernelbased terms and to combine several different methods in
the process of constructing a joint decision rule.
Such a way belongs to the group of so-called
sensor-level techniques of modality fusion, which, in
accordance with general investigations in the field of
multimodal biometrics [12] and our previous
experiments [13], can yield better results in comparison
with fusion of modality-specific classifiers, in
particular, on the level of classifier scores [3,4] or
decision rules [7,8]. Besides, the kernel fusion
technique we propose here allows to avoid the
computationally hard problem of quadraticallyconstrained quadratic optimization which arises when
alternative kernel fusion techniques are applied [14,15].
In the previous work [13], we demonstrated the
advantages of the multi-kernel approach to the problem
of on-line signature verification. In this paper, the
kernel-based approach is extended onto the problem of
combining the on-line and off-line modalities into an
entire signature verification technique. Experiments with
the data base of the World Signature Verification
Competition (SVC2004) [16] show that the combined
technique provided essential decreasing of the error rates
achievable within the bounds of each single modality.

The problem of signature verification is considered
within the bounds of the kernel-based methodology of
pattern recognition, more specifically, SVM principle
of machine learning. A kernel in the set of signatures
can be defined in different ways and it is impossible to
choose the most appropriate kernel a priori. We propose a principle of fusing several on-line and off-line
kernels into an entire training and verification technique. Experiments with signature database SVC2004
have shown that the multi-kernel approach essentially
decreases the error rate in comparison with verification based on single kernels.

1. Introduction
The problem of signature verification consists in
testing the hypothesis that a given signature belongs to
the person having claimed his/her identity. Depending
on the initial data representation, it is adopted to
distinguish between on-line and off-line signature
verification [1].
During more than 20 years long history of studying
the problem of signature verification, a plenty of ideas
have been proposed and tested, practically all of which
fall into two groups: feature-based [2,3,4] and functionbased [5,6] methods. However, any method of
signature verification is based, finally, on a metric in
the set of signatures.
As a rule, it is impossible to known in advance
which of possible metrics is more appropriate for a
concrete person. Therefore, in a number of papers it is
proposed to combine several methods of signature
verification [2,3,4,7,8].
In this paper, we apply a natural kernel-based way of
easily combining on-line and off-line methods into an
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2. Metrics and kernels in the set of
signatures
2.1. Metric in the set of on-line signatures
Each on-line signature is represented by a multicomponent vector signal α = (x s , s = 1,..., N ) which

initially includes five components: pen tip coordinates
(X and Y ) , pen tilt azimuth ( Az ) and altitude ( Alt ) ,
and pen pressure ( Pr ) (Figure 1). We supplement the
signals with two additional variables – pen’s velocity
and acceleration.
genuine signatures

skilled forgeries

defined through parameters of these primitives such as
center vectors and appropriate pairs of direction vectors
[6 ]. Using it we define a loss function
⎧d (Qn′ , Qn′′), if Qn′ and/or Qn′′ are "end" nodes,
D (Qn′ , Qn′′ ) = ⎨
⎩0, otherwise.
Then, following [6], we define the dissimilarity
measure (metric) of the trees R ′ and R ′′ as
ρ( R′, R′′) = ∑ R′∩R′′ 2−ln D(Qn′ , Qn′′) ,
(3)
where the sum is taken over all pairs (Qn′ , Qn′′) ∈ ( R′∩ R′′) .

X
Y
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2.3. Transformation of a metric into kernel

Figure 1. Off-line (images) and on-line (signals) representation of signatures.

For comparing pairs of signals of different lengths
we use the
principle of dynamic time warping [5] with the purpose
of aligning the vector sequences.
Each version of alignment w(α′, α′′) is equivalent
to a renumbering the elements in both sequences
α′w=(x′w,s′ , k =1,...,Nw), α′′w=(x′′w,s′′ , k =1,..., N w ) , N w ≥ N ′ ,

[α′=(x′s , s =1,..., N ′), α′′=(x′′s , s =1,..., N ′′)] ,

k

k

N w ≥ N ′′ . Let W be the set of all alignments of two
signals α′ and α′′ . The best alignment wˆ (α′, α′′) is
defined by the condition
wˆ (α ′, α ′′) = arg min
w∈W

{∑

Nw
k =1

|| x′w, s′ −x′′w, s′′ ||2 +
k

k

N

}

β∑ k =w2 ( I [ sk′ +1= sk′ ] + I [ sk′′+1= sk′′ ]) ,

(1)

where I [ ] is indicator function which equals 1 if the
condition in brackets is met and 0 otherwise and β is
penalty upon each repetition of elements.
It is easy to prove that the function defined by the
best alignment (1) as
ρ(α ′, α ′′) =

N

∑ k =wˆ1 || x′wˆ ,sk′ −x′′wˆ ,sk′′ ||

2

(2)

satisfies all the properties of a metric.

Let ω′, ω′′ ∈ Ω be two signatures represented by
signals ( α′, α′′ ) or trees ( R ′, R ′′) . Whereas metric (2) or
(3) evaluates some dissimilarity of signatures, function
K (ω′, ω′′) = exp ⎣⎡ −γρ2 (ω′, ω′′) ⎦⎤
(4)
will have the sense of their pair-wise similarity. If coefficient γ is large enough, this function for any finite
collection of signatures will form positive semidefinite
matrix [ K (ω i , ω j ); i, j = 1,..., N ] , i.e. it is a kernel
function in the set of signatures Ω . Function (4) is
usually called the radial kernel function.
The notion of a kernel K (ω′, ω′′), ω′, ω′′ ∈ Ω in the
set of signatures ω∈ Ω allows for treating it a subset
in some real linear space Ω ⊆ Ω in which it plays the
role of inner product.

2.4. The kernels studied in experiments
It should be noticed that formula (4) implies actually a
family of kernels because different metrics may occur in
it.
In our experiments concerned with the problem of
signature verification, we studied 13 radial kernels
(Table 1). One of them is off-line radial kernel based
on the metric (3). The others are on-line kernels which
differ from each other by the subset of utilized
components of signals and by the value of the matching
penalty β in the metric (2). The value of parameter γ
was chosen identical γ = 0.25 in all the kernels.

2.2. Metric in the set of off-line signatures

node number of the level ln = ⎢⎣log 2 (n + 1) ⎥⎦ .
For comparing any two nodes Qn′ and Qn′′ , a
dissimilarity function d (Qn′ , Qn′′) ≥ 0 can be easily

Table 1. The kernels studied in the experiments

Kernel

β = 10

On-line kernels

For comparing grayscale images (patterns)
representing off-line signatures we, apply the technique
of tree-structured pattern representation proposed in [6].
For the given pattern P , the recursive scheme
described in [6] produces a pattern representation R in
the form of a complete binary tree of elliptic primitives
(nodes) Q : R = {Qn : 0 ≤ n ≤ nmax } , where n is the

K1

β = 20
K2

K3

K4

K5

K6

K7

K8

K9

K10

K11

K12

Off-line kernel K13

Subset of components
pen coordinates
pen tilt (azimuth and altitude)
pen pressure
coordinates, velocity, acceleration
coordinates, tilt, pressure
all seven components
–

3. SVM for training in the linear space of
signatures produced by a single kernel
In kernel terms, the SVM decision function [10] for
classification of signatures into genuine ones g = 1 and
forgeries g = − 1 can be represented as discriminant
hyperlane
y (ω) = K (ϑ, ω) + b > 0 → g = 1, y (ω) ≤ 0 → g = −1 , (5)
formed by the direction vector ϑ which is element of
a hypothetical linear space ϑ∈Ω into which the kernel
 ⊃ Ω . It can
K (ω′, ω′′) embeds the set of signatures Ω
be found as linear combination of elements of the
training set {ω j , j = 1,..., N } :

ϑ = ∑ j: λ

j >0

g jλ jω j

with coefficients λ j ≥ 0 , which are solutions of the
dual formulation of the SVM training problem
⎧∑ N λ j − (1 2)∑ N ∑ N ⎡ g j gl K (ω j ,ωl )⎤ λ j λl → max,
⎪ j =1
⎦
j =1
l =1 ⎣
(6)
⎨ N
⎪⎩∑ j=1 g j λ j = 0, 0 ≤ λ j ≤ C 2, j = 1,..., N.

4. Subset of relevance kernels resulting
from kernel fusion
In this paper, we apply the kernel fusion technique
proposed in [9]. This approach allows for choosing the
most appropriate (relevant) kernels by analogy with
constructing the Relevance Vector Machines (RVM)
[17] which chooses the most relevant entities (vectors)
in the training set.
Let K i (ω′, ω′′) , i = 1,..., n , be several kernel
functions defined on the same set of signatures ω ∈ Ω .
These kernels embed the set Ω into different linear
 , i = 1,..., n . It is convenient to treat
spaces Ω ⊂ Ω
i
their jointly as Cartesian product

{

Ω = Ω1 × ... × Ω n = ω =< ω1 ,..., ωn >: ωi ∈ Ω i

}

(7)

formed by ordered n -tuples of elements from Ω1,...,Ω n .
The idea of adaptive training in the combined space
[9] consists in jointly inferring the direction elements ϑi
in the particular linear spaces Ωi and the nonnegative
weights ri of the respective kernels by additionally
penalizing large weights:
⎧∑ n [ (1 ri ) Ki (ϑi , ϑi ) + log ri ] +
⎪⎪ i =1 N
⎨ C∑ j =1 δ j → min(ϑ1 ,..., ϑn , r1 ,..., rn , b, δ j , j = 1,...N ), (8)
⎪ ⎡ n
⎪⎩ g j ⎣∑ i =1 Ki (ϑi , ω j ) + b⎤⎦ ≥1−δ j , δ j ≥ 0, j =1,...N.
This criterion displays a pronounced tendency to
emphasize the kernels which are “adequate” to the
training data and to suppress up to negligibly small
values the weights ri at “redundant” ones.

It can be shown [9] that the following iterative
procedure solves the problem (8):
ϑik = ri k −1 ∑ j: λk >0 g j λ kj ω j ,
j

ri = (ri
k

k −1 2

)

∑ j: λkj >0 ∑ l: λlk >0 K (ω , ω
i

j

l

)λ kj λ lk .

At each iteration k , the coefficients λ1k ≥ 0,..., λ kN ≥ 0 are
to be found as the solutions of the dual SVM problem
having the structure analogous to (6):
1 N
N
n
⎧ N
k
⎪∑ j =1 λ j − ∑ j =1 ∑ l =1 ⎡⎣ g j gl ∑ i =1 ri K (ω j ,ωl ) ⎤⎦ λ j λ l → max,
2
⎨ N
⎪∑ j =1 g j λ j = 0, 0 ≤ λ j ≤ C 2, j = 1,..., N .
⎩
Updating the constant b k does not offer any difficulty.
As a rule, the process converges in 10-15 steps.

5. Structure of experiments
In the experiment, we used the database of the
Signature Verification Competition 2004 [16] that
contains vector signals of 40 persons (Figure 1). On
the basis of these signals we generated grayscale
images (256 × 256 pixels) with 256 levels of brightness
corresponding to the levels of pen pressure in the
original signals.
For each person, the training set consists of 400
signatures, namely, 5 signatures of the respective
person, 5 skilled forgeries, and 390 random forgeries
formed by 195 original signatures of other 39 persons
and 195 skilled forgeries for them. The test set for each
person consists of 69 signatures, namely, 15 genuine
signatures, 15 skilled forgeries, and 39 random
forgeries. Thus, the total number of the test signatures
for 40 persons amounts to 2760.
Twelve different on-line metrics and one off-line
metric were simultaneously computed for each pair of
signature signals (Section 2) and, respectively, thirteen
different kernels were evaluated (Table 1).
We don’t pursue here the aim to choose the “most
appropriate” kernel providing the best accuracy of
signature verification. Our aim is to show advantages
of the approach utilizing several kernels at once, as
against that based on a single predefined kernel.

6. Experimental results
We tested 14 ways of training, namely, based on
each of the initial kernels K1 (ω′, ω′′),..., K13 (ω′, ω′′)
separately (Section 3) and with fusion of all the kernels
(Section 4). The error rates in the total test set of 2760
signatures are shown in Table 2.
It is well seen that the combined kernel obtained by
kernel fusion essentially outperforms each of the single
ones. At the same time, for each of 40 persons whose
signatures made the data set, the kernel fusion
procedure has selected only one relevant kernel which
turned out to be most adequate to his/her handwriting.

So, for each person the training procedure made the
individual choice between the of-line and on-line
modalities. For 12 persons the pictorial off-line
signature represented by kernel K13 was recognized as
more reliable, and in 28 cases one of the on-line
kernels K1 - K12 was preferred.
Figure 1 illustrates an obvious example of the situation when the on-line kernel K6 based on pen-pressure
information (Pr) is relevant for a specific person. It is
well seen that two genuine signatures and two skilled
forgeries have very similar off-line representations as
well as four of five on-line signal components, and
only the pen pressure dynamics clearly reveals the forgeries. The result of kernel fusion for this person is just
kernel K6 with the individual verification error 0%.

K1
K3
K5
K7
K9
K11

as
Errors Relevant
result
of
%
fusion for:
0.65 5 persons
5.58 0 persons
2.75 0 persons
0.98 2 persons
0.36 4 persons
0.47 1 persons

K13 1.63

Kernel

Kernel

Table 2. Error rates for single kernels versus kernel fusion

K2
K4
K6
K8
K10
K12

Relevant as
Errors result
of fu%
sion for:
1.01 9 persons
7.50 0 persons
2.50 4 persons
1.41 1 persons
0.76 2 persons
1.01 0 persons

12 persons FUSI ON 0.29

-

7. Conclusions
The kernel-based approach to signature verification
enables harnessing mathematically most advanced
method of pattern recognition such as kernel-selective
SVM. This approach predefines the algorithms of both
training and recognition, and it remains only to choose
the kernel produced by an appropriate metric in the set
of signatures, such that the genuine signatures of the
same person would be much closer to each other than
those of different persons. However, different understandings of signature similarity lead to different kernels. The proposed kernel fusion technique automatically chooses the most appropriate kernel for each person in the process of adaptive training.
Experiments with signature data base SVC2004
demonstrate that verification results obtained by fusion
of several on-line and off-line kernels in accordance
with the proposed approach essentially outperforms the
results based on single kernels.
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