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A unified variational approach to data analysis.

Source data array Result of processing
Y =(y,tl T),yl & X=(x,t1T),xI &

The original problem of data analysis can be turned to that of
minimization of an appropriate objective function J(X |Y) defined on the

whole variety of possible results:

X(Y)=argminJ(X |Y)
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Adjacency graphson the set of data array elements




Pairwise separ able objective function
IXI=AY (% IY)+ A GeelXo%e)
1T (t6to G

y.(X%|Y;) = node functions which are meant to take the greater value the more evident is the
contradiction between the hypothesisthat x, isjust the “correct” local value we
are seeking and the correspondent fragment Y, of the source data array,

Oiee( X %¢) — €dge functions that take the greater values the greater is the discrepancy between

their arguments.



Hierarchical representation of atree-like adjacency graph

Partial objective function defined on the descendant tree of node t
‘]t (Xt) = é y s(Xs) + é gstlsﬂt(xsd:! Xsﬂt)

dT (ststi G
3 (X) = 3%, X)) =Y (%) + & Ge(%. %) + & I(X) =Y (%) + & {8.(%. %) +I( X}
ST ST ST

Bellman functions
3.00=min 3,00 X0 =y 0+ min & {8000+ .06 X )

X X8 10 g 78,



Fundamental property of Bellman functions
(upward recurrent relation)

300 =y 100+ & min{gy(x,%)+3,0)}
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Downward recurrent relations

%) =argmin{ g (%, x) + I, (x)} , sT T

Marginal node functions

J(x)= min J(X)

Xs,d T,stt

3,00=mint 3,00+ (3,00 +gux0) n;ign[il;(xg+@;ts,(xt,xs>]§5J ST TS



Algorithm of objective function minimization
Ascending pass.
calculate and remember all the Bellman functions starting with Bellman
functions for leaves J~t(xt) =y, (%).

3.0 =y )+ & minf g, x)+ T, ()}

s10 X
9 T)

Descending pass.
calculate optimal variable values or marginal functions for all the nodes starting
with the root, where the marginal function coincides with the Bellman function

J.(x.)=J.(x.) and its minimization gives the optimal value at the root

&-=argminJ .. (x.)
X %

t

3,0=mint 3,00+ (3,00 +gux0) n;;n[is(x9+gts(xt,x9]§ ST TS



Parametric family of quadratic functions
for the case of continuous variables

Source data array Y=(y,tl T),yl &

Result of processing X =(x,tT T), x] R"

Quadratic node functions y () =B+ (%, - x?)TQY(x, - X?)
Quadratic edge functions Ghea(Xie X16) = Ko~ Xi@) ' Urea(Xio Xie)

Pairwise separable quadratic J(X)=4 (b&0 +(x, - X))TQ(x, - xS))+ A (X X)) Uge(Xie- Xeo)
objective function i (16191



Parametric dynamic programming procedure
for quadratic pairwise separ able objective functions

Ascending pass: Bellman functions J, (x,) =b, +(x, - X,)TQ,(x, - X,) are calculated.

Q=Qi+8 Q0:+U..) U,

jT0
sl T(t)

-~ = i ~ (= -1 P

Xt= Qt 1}_ QIOXIO+ é. QS(QS+Uts) UtsXSY’

1 d 74 b

b =b°+0¢- X)X+ A {B+(x - %) Q,Q.+U,.) UK},
79

starting with the leaves, where J, (X,) =y , (%) and, consequently, X, =x°, b =h°, Q, =Q°

Descending pass. marginal node functions jt (xt):6+(xt— %) Qt(xt— X,) are calculated
b=h,
%=X (%) =(1 - HOX +H X, =X, +H (X, - %),
Q=[H QI HI+ QU T,
Ho=(Qs+Uys) MU =(UiQe +1)H, sl T,

starting from the root, where J . (x .)=J.. (x..) and, hence, X . =X., Q. =Q...

A~ ~



Parametric dynamic programming procedure
“forward and back” for signal analysis
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Node functions Y ((x) =0 +(x - X)) QX - X)) 0-0-0-0-0-0-0-0-0
Edge functions 0 (X1, %) = (X1~ AX,)T U, (X4~ AX,)

Pairwise separable
guadratic objective function

& J
J(X) = a_. (bto +(Xt' X?)TQtO(Xt' Xto))+a ((Xt-l' Axt)T Ut(xt-l' Axt))

t=2

First (forward) passalong thesigna t=1,...,N : parameters of Bellman functions are cal cul ated

G, =Q+AT[QA+ U A,
& { Qe AT(G+U) 7,
. _ 5 - Vil
bt - bto +bt—l+ (X?' Xt)T QtOX?"' (Xt-l' AXt )T (Qt—ll+ Utl) Xy 15
the first sampleistheonly leaf t=1: b, =b’, X,=x?, Q,=QY.

X

Second (backward) pass t=N,...,1: parameters of marginal node functions are computed
X1 =(1 - H )X, +HOAX =X, +H G (AX - X )
~ ~ A~ ~ ~ Y ~ ~ )
Q=i AGMATAL + @ +U) [ AL =@ +U)Y,
starting with the last sample of thesignal t =N, where X =Xy, Qn =Qy



Estimation of non-stationary regression coefficients as
the univer sal problem of signal processing

0 _ T
Yt _Xtyt+xt
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Estimation of non-stationary regression coefficients
in terms of the proposed optimization procedure

Signal to be processed vy, YWIR, y,TR", t=1.,N

Sought-for sequence of non-stationary N

n
regression coefficients X | R
Model of non-stationary linear regression Yo =xTy, +X,

L ocal quadratic criterion for estimating the current vector of
non-stationary regression coefficients (node functions):

0
Yt(xt):(yto' XtTyt)zz(Xt' X?)TQ?(XF X?)1 X:):)T/—tyt! Q?:ytytT-
tJrt
L ocal quadratic penalty on unsmoothness of

the sequence of non-stationary regression coefficient (edge functions):

O (Xp-1,X) = (X g Xt)T Uy (X7 %)
U, — an appropriate sequence of positive definite matrices n” n, which preset the desired

degree of smoothing at each pair of neighboring samples (t- 1, t)



An example of estimating non-stationary regression coefficients
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Smoothing of a signal with estimation of itsdifferences

Model of the source signal:
Yi :XtTyt X
X, =(X...,x")T R" —vector composed from the smoothed signal itself and itsfirst n- 1
differences

X

th
X =N% =X - %,

X[n - Nn- 1)([ — X[n-l _ X[n_-ll
y, =(1,0,..,0)"T R" —vector whose first component is unit and all the others are zeros

Model of the sought-for signal

X=X X gé -1 - 09
X=X X 0 1 - 0:

X, . =AX,, A

G: N
Xy =X b o - 15



Quadratic node functions:
yt(xt) = (yt - X[O)Z = (Xt' XtO)TQtO(Xt_ X?)

a 0 - 09 & 0
C‘:() 0 ... 0- y 90
Q ytyt g . ;’ X? = Tt Yi _g
N S Y,
§0 0 - 0f Go:

Quadratic edge function
O (X¢. 1, %) = (Xp. 1 AXt)T U, (X1~ AXy),

é@ut 0 09
U g 0 but 0:
éo 0 utg

where b isalarge positive number b® ¥ .



Example of smoothing a signal and itsfirst difference
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Autoregression and time-frequency analysis

Source signal y, =aly, +X,
Y. =(Yo.+Y.,) — prehistory vector composed from n
previous samples of the source signal
a=(a---a,)'T R" — vector of autoregression coefficients

Sought-for vector signal x, =(a,,D)T R™

Quadratic node functions Y, (&,D,) =y (X)) = (X, - X\)"Q/(X, - x;),
yt 0

(-j = T .
x?=g‘;0:-‘? TR Q=R e (1)
§ Y, o e
Quadratic edge functions O(X. 1 X) = (Xoq - %) U (X - X,
Il 0 ¢
Ut:aaOtT g’
au; g

| isunit matrix (n” n), the coefficient a >0 ismeant to

coordinate the smoothing degrees for signal intensity D and
autoregression parameters a, .



Spectral representation of autoregression parameters

1- a) 1+a’ +a2 - 2a,(1l- a,)cos2pf - 2a, cos4pf

16
D,(0,/6) = ¢5(f; &, D,)df,

. Y3 N
B.(Y/6,43) = (&, By,
Y6

B,(1/3,1/2) = ¢S(f: 8, D,)df
Y3



Result of processing a smulated signal

a 24 1686 1568 288 258 368 356 4608 4568 b3} 258 GAE
| | | | | | | | | | | | |

B 1ow, [ medium, and [l high frequency bands



